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NONCOMMUTATIVE SOLITONS
AND INTEGRABLE SYSTEMS ∗
MASASHI HAMANAKA
Graduate School of Mathematics, Nagoya University,
Chikusa-ku, Nagoya, 464-8602, JAPAN †
E-mail: hamanaka@math.nagoya-u.ac.jp
We review recent developments of soliton theories and integrable systems on non-
commutative spaces. The former part is a brief review of noncommutative gauge
theories focusing on ADHM construction of noncommutative instantons. The lat-
ter part is a report on recent results of existence of infinite conserved densities
and exact multi-soliton solutions for noncommutative Gelfand-Dickey hierarchies.
Some examples of noncommutative Ward’s conjecture are also presented. Finally,
we discuss future directions on noncommutative Sato’s theories and twistor theo-
ries.
1. Introduction
Non-Commutative (NC) extension of field theories has been studied inten-
sively for the last several years. NC gauge theories are equivalent to or-
dinary gauge theories in the presence of background magnetic fields and
succeeded in revealing various aspects of them. (For reviews, see e.g.
20,35,87,98,155.) NC solitons especially play important roles in the study of
D-brane dynamics, such as the confirmation of Sen’s conjecture on tachyon
condensation. (For reviews, see e.g. 71,152.) One of the distinguished fea-
tures of NC theories is resolution of singularities. This gives rise to various
new physical objects such as U(1) instantons and makes it possible to an-
alyze singular configurations as usual. (For a review, see my Ph.D thesis
61.)
∗This work was supported in part by JSPS Research Fellowships for Young Scientists
(#0310363) and the Daiko Foundation (#9095).
†The author visits the Korea Institute for Advanced Study (KIAS) from 27 March to 2
April, 2005 (Preprint number: KIAS-P05026), and Mathematical Institute, University
of Oxford from 16 August, 2005 to 15 August, 2006.
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NC extension of integrable equations such as the KdV equation is also
one of the hot topics. These equations imply no gauge field and NC exten-
sion of them perhaps might have no physical picture or no good property on
integrabilities. To make matters worse, NC extension of (1+1)-dimensional
equations introduces infinite number of time derivatives, which makes it
hard to discuss or define the integrability. However, some of them actually
possess integrable-like properties, such as the existence of infinite number
of conserved quantities and the linearizability which are widely accepted
as definition of complete integrability of equations. Furthermore, a few of
them can be derived from NC (anti-)self-dual Yang-Mills (ASDYM) equa-
tions by suitable reductions. This fact may give some physical meanings
and good properties to the lower-dimensional NC field equations and makes
us expect that Ward’s conjecture 167 still holds on NC spaces. So far, how-
ever, those equations have been examined one by one. Now it is time to
discuss the geometrical and physical origin of the special properties and
integrabilities, in more general framework.
We would like to propose the following study programs as future direc-
tions:
• Construction of NC twistor theory
• Confirmation of NC Ward’s conjecture
• Completion of NC Sato’s theory
Twistor theory 140 is the most essential framework in the study of in-
tegrability of ASD Yang-Mills(-Higgs) equations. (See, e.g. 119,168.) NC
extension of twistor theories are already discussed by several authors, e.g.
70,84,93,107,156. This would lays the geometrical foundation of integrabilities
of ASD YM(H) equations.
NC Ward’s conjecture is very important to give physical pictures to
lower-dimensional integrable equations and to make it possible to apply
analysis of NC solitons to that of the corresponding D-branes. Origin of
the integrable-like properties would be also revealed from the viewpoints of
NC twistor theory and preserved supersymmetry in the D-brane systems.
Sato’s theory is known to be one of the most beautiful theories of solitons
and reveals essential aspects of the integrability, such as, the construction
of exact multi-soliton solutions, the structure of the solution space, the
existence of infinite conserved quantities, and the hidden symmetry of them,
on commutative spaces. So it is reasonable to extend Sato’s theory onto
NC spaces in order to clarify various integrable-like aspects directly.
In this article, we report recent developments of NC extension of soliton
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theories and integrable systems focusing on NC ADHM construction and
NC Sato’s theory. As recent results 62,63, we prove the existence of infinite
conserved quantities and exact multi-soliton solutions for Gelfand-Dickey
hierarchies on NC spaces and give the explicit representations with both
space-space and space-time noncommutativities. Our results include NC
versions of KP, KdV, Boussinesq, coupled KdV, Sawada-Kotera, modified
KdV equations and so on.
2. NC Instantons and BPS Monopoles
2.1. NC Gauge Theories
NC spaces are defined by the noncommutativity of the coordinates:
[xi, xj ] = iθij , (1)
where θij are real constants and called the NC parameters. This relation
looks like the canonical commutation relation in quantum mechanics and
leads to “space-space uncertainty relation.” Hence the singularity which
exists on commutative spaces could resolve on NC spaces. This is one of
the prominent features of NC field theories and yields various new physical
objects.
NC field theories are given by the exchange of ordinary products in the
commutative field theories for the star-products and realized as deformed
theories from the commutative ones. In this context, they are often called
the NC-deformed theories.
The star-product is defined for ordinary fields on commutative spaces.
For Euclidean spaces, it is explicitly given by
f ⋆ g(x) := exp
(
i
2
θij∂
(x′)
i ∂
(x′′)
j
)
f(x′)g(x′′)
∣∣∣
x′=x′′=x
= f(x)g(x) +
i
2
θij∂if(x)∂jg(x) +O(θ
2), (2)
where ∂
(x′)
i := ∂/∂x
′i and so on. This explicit representation is known as
the Moyal product 55,125.
The star-product has associativity: f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h, and returns
back to the ordinary product in the commutative limit: θij → 0. The
modification of the product makes the ordinary spatial coordinate “non-
commutative,” that is, [xi, xj ]⋆ := x
i ⋆ xj − xj ⋆ xi = iθij .
We note that the fields themselves take c-number values as usual and
the differentiation and the integration for them are well-defined as usual.
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A nontrivial point is that NC field equations contain infinite number of
derivatives in general. Hence the integrability of the equations are not so
trivial as commutative cases.
2.2. ADHM Construction of Instantons
In this subsection, we treat NC instantons by Atiyah-Drinfeld-Hitchin-
Manin (ADHM) construction 6. ADHM construction is a strong method
to generate instanton solutions with arbitrary instanton number for
SU(N), SO(N) and Sp(N). This is based on a duality, that is, one-to-
one correspondence between the instanton moduli space and the moduli
space of ADHM-data which are specified by the ASD equation and ADHM
equation, respectively. The concrete steps are as follows (For reviews on
commutative spaces, see e.g 34,59,61.):
• Step (i): Solving ADHM equation:
[B1, B
†
1] + [B2, B
†
2] + II
† − J†J = −[z1, z¯1]− [z2, z¯2] = 0,
[B1, B2] + IJ = −[z1, z2] = 0. (3)
We note that the coordinates z1,2 always appear in pair with the
matrices B1,2 and that is why we see the commutator of the coor-
dinates in the RHS. These terms, of course, vanish on commutative
spaces, however, they cause nontrivial contributions on NC spaces,
which is seen later soon.
• Step (ii): Solving “0-dimensional Dirac equation” in the back-
ground of the ADHM date:
∇†V = 0, (4)
with the normalization condition:
V †V = 1. (5)
• Step (iii): By using the solution V , we can construct the corre-
sponding instanton solution as
Aµ = V
†∂µV, (6)
which actually satisfies the ASD equation:
Fz1 z¯1 + Fz2 z¯2 = [Dz1 , Dz¯1 ] + [Dz2 , Dz¯2 ] = 0,
Fz1z2 = [Dz1 , Dz2 ] = 0. (7)
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In this subsection, we give some examples of the explicit instanton so-
lutions focusing on Belabin-Polyakov-Schwartz-Tyupkin (BPST) instanton
solutions.
BPST instanton solution (1-instanton, G = SU(2))
This solution is the most basic and important and is constructed almost
trivially by ADHM procedure.
• Step (i): ADHM equation is a k × k matrix-equation and in the
present k = 1 case, it is trivially solved. The commutator part of
B1,2 is automatically dropped out and the matrices B1,2 can be
taken as arbitrary complex numbers. The remaining part I, J are
also easily solved:
B1 = α1, B2 = α2, I = (ρ, 0), J =
(
0
ρ
)
, α1,2 ∈ C, ρ ∈ R.(8)
Here the real and imaginary part of α are denoted by α1 = b2 +
ib1, α2 = b4 + ib3, respectively.
• Step (ii): The “0-dimensional Dirac equation” is also easily solved
in this case. (See, e.g. 61.)
• Step (iii): The instanton solution is constructed as follows
Aµ = V
†∂µV =
i(x− b)νη
(−)
µν
(x− b)2 + ρ2
. (9)
The field strength Fµν is calculated from this gauge field as
Fµν =
2iρ2
(|z − α|2 + ρ2)2
η(−)µν . (10)
This is just the BPST instanton solution 13. The distribution is
just like in Fig. 1. The dimension 5 of the instanton moduli space
corresponds to the positions bµ and the size ρ of the instanton.
Now let us take the zero-size limit. Then the distribution of the
field strength Fµν converses into a singular, delta-functional config-
uration. Instantons have smooth configurations by definition and
hence the zero-size instanton does not exists, which corresponds to
the singularity of the (complete) instanton moduli space which is
called the small instanton singularity. (See Fig. 1.) On NC spaces,
the singularity is resolved and new class of instantons appear.
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ρ
0
       small instanton singularity
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 α
i
i
Figure 1. Instanton moduli space M and the instanton configurations (The horizontal
directions correspond to the degree of global gauge transformations which act on the
gauge fields as the adjoint action.)
2.3. ADHM Construction of NC Instantons
In this subsection, we construct some typical NC instanton solutions by
using ADHM method in the operator formalism. In NC ADHM construc-
tion, the self-duality of the NC parameter is important, which reflects the
properties of the instanton solutions.
The steps are all the same as the commutative one:
• Step (i): ADHM equation is deformed by the noncommutativity of
the coordinates as we mentioned in the previous subsection:
(µR :=) [B1, B
†
1] + [B2, B
†
2] + II
† − J†J = −2(θ1 + θ2) =: ζ,
(µC :=) [B1, B2] + IJ = 0. (11)
We note that if the NC parameter is ASD, that is, θ1+θ2 = 0, then
the RHS of the first equation of ADHM equation becomes zero.a
• Step (ii): Solving the NC “0-dimensional Dirac equation”
∇ˆ†Vˆ = 0 (12)
with the normalization condition.
aWhen we treat SD gauge fields, then the RHS is proportional to (θ1 − θ2). Hence the
relative self-duality between gauge fields and NC parameters is important.
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• Step (iii): the ASD gauge fields are constructed from the zero-mode
V ,
Aˆµ = Vˆ
†∂µVˆ , (13)
which actually satisfies the NC ASD equation:
(Fˆz1 z¯1 + Fˆz2z¯2 =) [Dˆz1 , Dˆz¯1 ] + [Dˆz2 , Dˆz¯2 ]−
1
2
(
1
θ1
+
1
θ2
)
= 0,
(Fˆz1z2 =) [Dˆz1 , Dˆz2 ] = 0. (14)
There is seen to be a beautiful duality between (11) and (14) We
note that when the NC parameter is ASD, then the constant terms
in both (11) and (14) disappear.
In this way, NC instantons are actually constructed. We note that the
gauge group is not SU(N) but U(N) because g1, g2 ∈ SU(N) does not
neccessarily lead to g1 ⋆ g2 ∈ SU(N). This U(1) part of the gauge group
play important roles.
Comments on instanton moduli spaces
Instanton moduli spaces are determined by the value of µR
127,128. (cf.
Fig. 2.) Namely,
• In µR = 0 case, instanton moduli spaces contain small instanton
singularities, (which is the case for commutative R4 and special
NC R4 where θ : ASD).
• In µR 6= 0 case, small instanton singularities are resolved and new
class of smooth instantons, U(1) instantons exist, (which is the case
for general NC R4)
Since µR = ζ = −2(θ1 + θ2) as Eq. (11), the self-duality of the NC
parameter is important. NC ASD instantons have the following “phase
diagram” (Fig. 3):
When the NC parameter is ASD, that is, θ1 + θ2 = 0, instan-
ton moduli space implies the singularities. The origin of the “phase
diagram” corresponds to commutative instantons. The θ-axis repre-
sents instantons on R2NC × R
2
Com. The other instantons basically
have the same properties, hence let us fix the NC parameter θ self-
dual. This type of instantons are just discussed first by Nekrasov and
Schwarz 132. The ASD-SD instantons (the combination of self-dualities
of gauge fields and NC parameters is ASD-SD) are discussed in e.g.
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µ   = 0 µ   =  ζ  ∼ θ  + θ
R R
   small instanton
      singularity
    resolution of 
   the singularity
pt. S
2
1 2
Figure 2. Instanton Moduli Spaces
 θ
θ
1
2
θ : 
θ : 
SD
ASD  (ζ = 0)
(ζ = 0)
Figure 3. “phase diagram” of NC ASD instantons
23,39,43,44,45,82,85,89,94,96,105,111,113,129,132,139,158,160. The ASD-ASD instan-
tons 5 are constructed by ADHM construction in 46,60,170, and ADHM
construction of instantons on R2NC × R
2
Com are discussed in
95. Wit-
ten’s ansatz 171 for NC instantons are studied in 22,24,148. Geometri-
cal origin of instanton number of NC instantons is also discussed in e.g.
45,72,73,86,120,145,150,159,161. For comprehensive discussion on ADHM con-
struction, see e.g. 21,61,169. Instantons in Born-Infeld actions in the back-
ground of B-fields are discussed in 80,100,124,151,157.
NC BPST instanton solution (1-instanton, G = U(2), θ: SD)
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Method” 43,44. The solution of NC ADHM equation is
B1,2 = 0, I = (
√
ρ2 + ζ, 0), J =
(
0
ρ
)
. (15)
Comparing the solution of commutative ADHM equation, the date I is
deformed by the noncommutativity of the coordinates, which shows that
the size of instantons becomes larger than that of commutative one because
of the existence of ζ. In fact, in the ρ → 0 limit, the configuration is still
smooth and the U(1) part is alive. This is essentially the same as a U(1)
instanton solution.
BPST instantons on commutative and NC spaces are summarized as
follows.
BPST instanton NC BPST instanton
µR = 0, µC = 0 ADHM equation µR = ζ, µC = 0
B1,2 = α1,2, ADHM data B1,2 = α1,2,
I = (ρ, 0), J t = (0, ρ) I = (
√
ρ2 + ζ, 0), J t = (0, ρ)
R4× orbifold C2/Z2 moduli space R
4× Eguchi-Hanson C˜2/Z2
(singular) (regular)
Fµν → delta function zero-size limit Fµν → U(1) instanton
(singular) (regular)
More detailed discussion are presented in e.g. 45,61,99,102,130,148,169.
Some other BPS solitons
There are many works on the study of other NC BPS solitons as follows:
• NC monopoles: 8,51,56,57,58,60,66,74,75,78,77,79,123,130,141,142
• NC vortices in abelian Higgs models: 9,10,91,115
• NC solitons in CP (n) models: 38,41,50,52,110,126,137
• Higher-dim. NC instantons: 40,65,81,88,97,109,121,131,134,143,146,163,172
3. Towards NC Sato’s Theories
3.1. NC Gelfand-Dickey’s Hierarchies
In this section, we derive various NC soliton equations in terms of pseudo-
differential operators which include negative powers of differential opera-
tors.
An N -th order (monic) pseudo-differential operator A is represented as
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follows
A = ∂Nx + aN−1∂
N−1
x + · · ·+ a0 + a−1∂
−1
x + a−2∂
−2
x + · · · . (16)
Here we introduce useful symbols:
A≥r := ∂
N
x + aN−1∂
N−1
x + · · ·+ ar∂
r
x, (17)
A≤r := A−A≥r+1 = ar∂
r
x + ar−1∂
r−1
x + · · · , (18)
resrA := ar. (19)
The symbol res−1A is especially called the residue of A.
The action of a differential operator ∂nx on a multiplicity operator f is
formally defined as the following generalized Leibniz rule:
∂nx · f :=
∑
i≥0
(
n
i
)
(∂ixf)∂
n−i
x , (20)
where the binomial coefficient is given by(
n
i
)
:=
n(n− 1) · · · (n− i+ 1)
i(i− 1) · · · 1
. (21)
We note that the definition of the binomial coefficient (21) is applicable to
the case for negative n, which just define the action of negative power of
differential operators. The examples are,
∂−1x · f = f∂
−1
x − f
′∂−2x + f
′′∂−3x − · · · ,
∂−2x · f = f∂
−2
x − 2f
′∂−3x + 3f
′′∂−4x − · · · ,
∂−3x · f = f∂
−3
x − 3f
′∂−4x + 6f
′′∂−5x − · · · , (22)
where f ′ := ∂f/∂x, f ′′ := ∂2f/∂x2 and so on, and ∂−1x in the RHS acts as
an integration operator
∫ x
dx.
The composition of pseudo-differential operators is also well-defined
and the total set of pseudo-differential operators forms an operator alge-
bra. For more on pseudo-differential operators and Sato’s theory, see e.g.
7,16,26,27,122,135.
Let us introduce a Lax operator as the following first-order pseudo-
differential operator:
L = ∂x + u2∂
−1
x + u3∂
−2
x + u4∂
−3
x + · · · , (23)
where the coefficients uk (k = 2, 3, . . .) are functions of infinite variables
(x1, x2, . . .) with x1 ≡ x:
uk = uk(x
1, x2, . . .). (24)
July 24, 2018 9:22 Proceedings Trim Size: 9in x 6in proc˙NCGP˙feb04
11
The noncommutativity is arbitrarily introduced for the variables
(x1, x2, . . .) as Eq. (1) here.
The NC KP hierarchy is defined in Sato’s framework as
∂mL = [Bm, L]⋆ , m = 1, 2, . . . , (25)
where the action of ∂m on the pseudo-differential operator L should be
interpreted to be coefficient-wise, that is, ∂mL := [∂m, L] or ∂m∂
k
x = 0.
The operator Bm is given by
Bm := (L ⋆ · · · ⋆ L︸ ︷︷ ︸
m times
)≥0 =: (L
m)≥0. (26)
The KP hierarchy gives rise to a set of infinite differential equations with
respect to infinite kind of fields from the coefficients in Eq. (25) for a fixed
m. Hence it contains huge amount of differential (evolution) equations for
all m. The LHS of Eq. (25) becomes ∂muk which shows a flow in the x
m
direction.
If we put the constraint Ll = Bl on the NC KP hierarchy (25), we get
infinite set of l-reduced NC KP hierarchies. We can easily show
∂uk
∂xNl
= 0, (27)
for all N, k because
dLl
dxNl
= [BNl, L
l]⋆ = [(L
l)N , Ll]⋆ = 0, (28)
which implies Eq. (27). The reduced NC KP hierarchy is called the l-
reduction of the NC KP hierarchy. This time, the constraint Ll = Bl gives
simple relationships which make it possible to represent infinite kind of
fields ul+1, ul+2, ul+3, . . . in terms of (l− 1) kind of fields u2, u3, . . . , ul. (cf.
Appendix A in 62.)
Let us see explicit examples.
• NC KP hierarchy
The coefficients of each powers of (pseudo-)differential operators
in the NC KP hierarchy (25) yield a series of infinite NC “evolution
equations,” that is, for m = 1
∂1−kx ) ∂1uk = u
′
k, k = 2, 3, . . . ⇒ x
1 ≡ x, (29)
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for m = 2
∂−1x ) ∂2u2 = u
′′
2 + 2u
′
3,
∂−2x ) ∂2u3 = u
′′
3 + 2u
′
4 + 2u2 ⋆ u
′
2 + 2[u2, u3]⋆,
∂−3x ) ∂2u4 = u
′′
4 + 2u
′
5 + 4u3 ⋆ u
′
2 − 2u2 ⋆ u
′′
2 + 2[u2, u4]⋆,
∂−4x ) ∂2u5 = · · · , (30)
and for m = 3
∂−1x ) ∂3u2 = u
′′′
2 + 3u
′′
3 + 3u
′
4 + 3u
′
2 ⋆ u2 + 3u2 ⋆ u
′
2,
∂−2x ) ∂3u3 = u
′′′
3 + 3u
′′
4 + 3u
′
5 + 6u2 ⋆ u
′
3 + 3u
′
2 ⋆ u3 + 3u3 ⋆ u
′
2 + 3[u2, u4]⋆,
∂−3x ) ∂3u4 = u
′′′
4 + 3u
′′
5 + 3u
′
6 + 3u
′
2 ⋆ u4 + 3u2 ⋆ u
′
4 + 6u4 ⋆ u
′
2
−3u2 ⋆ u
′′
3 − 3u3 ⋆ u
′′
2 + 6u3 ⋆ u
′
3 + 3[u2, u5]⋆ + 3[u3, u4]⋆,
∂−4x ) ∂3u5 = · · · . (31)
These just imply the (2 + 1)-dimensional NC KP equation 138,101
with 2u2 ≡ u, x
2 ≡ y, x3 ≡ t and ∂−1x f(x) =
∫ x
dx′f(x′):
∂u
∂t
=
1
4
∂3u
∂x3
+
3
4
∂(u ⋆ u)
∂x
+
3
4
∂−1x
∂2u
∂y2
−
3
4
[
u, ∂−1x
∂u
∂y
]
⋆
. (32)
Important point is that infinite kind of fields u3, u4, u5, . . . are rep-
resented in terms of one kind of field 2u2 ≡ u as is seen in Eq. (30).
This guarantees the existence of NC KP hierarchy which implies
the existence of reductions of the NC KP hierarchy. The order of
nonlinear terms are determined in this way.
• NC KdV Hierarchy (2-reduction of the NC KP hierarchy)
Taking the constraint L2 = B2 =: ∂
2
x + u for the NC KP hier-
archy, we get the NC KdV hierarchy. This time, the following NC
Lax hierarchy
∂u
∂xm
=
[
Bm, L
2
]
⋆
, (33)
include neither positive nor negative power of (pseudo-)differential
operators for the same reason as commutative case and gives rise
to the m-th KdV equation for each m. For example, the NC KdV
hierarchy (33) becomes the (1 + 1)-dimensional NC KdV equation
30 for m = 3 with x3 ≡ t
u˙ =
1
4
u′′′ +
3
4
(u′ ⋆ u+ u ⋆ u′) , (34)
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and the (1 + 1)-dimensional 5-th NC KdV equation 162 for m = 5
with x5 ≡ t
u˙ =
1
16
u′′′′′ +
5
16
(u ⋆ u′′′ + u′′′ ⋆ u) +
5
8
(u′ ⋆ u′ + u ⋆ u ⋆ u)′.(35)
• NC Boussinesq Hierarchy (3-reduction of the NC KP hierarchy)
The 3-reduction L3 = B3 yields the NC Boussinesq hierarchy
which includes the (1+1)-dimensional NC Boussinesq equation 162
with t ≡ x2:
u¨ =
1
3
u′′′′ + (u ⋆ u)′′ + ([u, ∂−1x u˙]⋆)
′, (36)
where u¨ := ∂2u/∂t2.
In this way, we can generate infinite set of the l-reduced NC KP hier-
archies. (This is called the NC Gelfand-Dickey hierarchies which reduce
to the ordinary Gelfand-Dickey hierarchies 47 in the commutative limit.)
The present discussion is also applicable to the matrix Sato theory where
the fields uk (k = 1, 2, . . .) are N × N matrices. For N = 2, the Lax hi-
erarchy includes the Ablowitz-Kaup-Newell-Segur (AKNS) system 4, the
Davey-Stewarson equation, the NLS equation and so on. (For commuta-
tive discussions, see e.g. 16,27.) NC Bogoyavlenskii-Calogero-Schiff (BCS)
equation 162 is also derived.
3.2. Conservation Laws
Here we prove the existence of infinite conservation laws for the wide class of
NC soliton equations. The existence of infinite number of conserved quan-
tities would lead to infinite-dimensional hidden symmetry from Noether’s
theorem.
First we would like to comment on conservation laws of NC field equa-
tions 68. The discussion is basically the same as commutative case because
both the differentiation and the integration are the same as commutative
ones in the Moyal representation.
Let us suppose the conservation law
∂tσ(t, x
i) = ∂iJ
i(t, xi), (37)
where σ(t, xi) and J i(t, xi) are called the conserved density and the associ-
ated flux, respectively. The conserved quantity is given by spatial integral
of the conserved density:
Q(t) =
∫
space
dDxσ(t, xi), (38)
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where the integral
∫
space dx
D is taken for spatial coordinates. The proof is
straightforward:
dQ
dt
=
∂
∂t
∫
space
dDxσ(t, xi) =
∫
space
dDx∂iJi(t, x
i)
=
∫
spatial
infinity
dSiJi(t, x
i) = 0, (39)
unless the surface term of the integrand Ji(t, x
i) vanishes. The convergence
of the integral is also expected because the star-product naively reduces to
the ordinary product at spatial infinity due to: ∂i ∼ O(r
−1) where r := |x|.
Here let us return back to NC hierarchy. In order to discuss the con-
servation laws, we have to specify for what equations the conservation laws
are. The specified equations possess space and time coordinates in the in-
finite coordinates x1, x2, x3, · · · . Identifying t ≡ x
m, we can get infinite
conserved densities for the NC Lax hierarchies as follows (n = 1, 2, . . .) 62:
σn = res−1L
n + θim
m−1∑
k=0
k∑
l=0
(
k
l
)
∂k−lx res−(l+1)L
n ⋄ ∂ireskL
m, (40)
where the suffices i must run in the space-time directions only. The symbol
“⋄” is called the Strachan product 154 and defined by
f(x) ⋄ g(x) :=
∞∑
s=0
(−1)s
(2s+ 1)!
(
1
2
θij∂
(x′)
i ∂
(x′′)
j
)2s
f(x′)g(x′′)
∣∣∣
x′=x′′=x
.(41)
This is a commutative and non-associative product.
We can easily see that deformation terms appear in the second term of
Eq. (40) in the case of space-time noncommutativity. On the other hand,
in the case of space-space noncommutativity, the conserved density is given
by the residue of Ln as commutative case.
For examples, explicit representation of the NC KP equation with space-
time noncommutativity, the NC KdV equation is
σn = res−1L
n − 3θ ((res−1L
n) ⋄ u′3 + (res−2L
n) ⋄ u′2) . (42)
We have a comment on conserved densities for one-soliton configuration.
One soliton solutions can be always reduced to commutative ones as is seen
in the next subsection. Hence the conserved densities are not deformed in
the NC extension.
The present discussion is applicable to the NC matrix Sato theory, in-
cluding the NC AKNS system, the NC Davey-Stewarson equation, the NC
NLS equation, and the NC BCS equation.
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3.3. Some Exact Solutions
Here we show the existence of exact (multi-soliton) solutions by giving the
explicit formula.
First, let us comment on one-soliton solutions 30,68. Defining z := x +
vt, z¯ := x− vt, we easily see
f(z) ⋆ g(z) = f(z)g(z) (43)
because the star-product (2) is rewritten in terms of (z, z¯) as
f(z, z¯) ⋆ g(z, z¯) = eivθ(∂z¯′∂z′′−∂z′∂z¯′′)f(z′, z¯′)g(z′′, z¯′′)
∣∣∣ z′ = z′′ = z
z¯′ = z¯′′ = z¯.
(44)
Hence NC one soliton-solutions are essentially the same as commutative
ones.
Next, we prove that NC Burgers equations derived from NC Gelfand-
Dickey hierarchies are integrable in the sense that they are linearizable.
NC Burgers equation is obtained by a special reduction of NC mKP
hierarchies 68,62:
u˙− u′′ − 2u ⋆ u′ = 0. (45)
The solutions of the following NC diffusion equations
ψ˙ = ψ′′, (46)
solve Eq.(45) via the NC Cole-Hopf transformation: u = ψ−1 ⋆ ψ′. The
naive solution of the NC diffusion equation (46) is
ψ(t, x) = 1 +
N∑
i=1
hie
ak2
i
t ⋆ e±kix = 1 +
N∑
i=1
hie
i
2
ak3
i
θeak
2
i
t±kix, (47)
where hi, ki are complex constants. The final form in (47) shows that
the naive solution on commutative space is deformed by e
i
2
ak3
i
θ due to
the noncommutativity. This reduces to the N -shock wave solution in fluid
dynamics. Hence we call it the NC N-shock wave solution. Exact solutions
for N = 1, 2 are obtained by L. Martina and O. Pashaev 116 in terms of u
and nontrivial effects of the NC-deformation are actually reported.
This is a very interesting result. The NC Burgers equation contains
infinite number of time derivatives in the nonlinear term and integrability
would be naively never expected. Initial value problems are hard to define.
Nevertheless, the NC Burgers equation is linearizable and the linearized
equation is a differential equation of first order with respect to time and
July 24, 2018 9:22 Proceedings Trim Size: 9in x 6in proc˙NCGP˙feb04
16
the initial value problem is well-defined. This shows that the NC Burgers
equation is completely integrable.
General arguments for NC hierarchies are possible. Exact solutions
for them are already given by Etingof, Gelfand and Retakh 37 as explicit
forms in terms of quasi-determinants 49. (For a survey of quasi-determants,
see 48.) In Moyal deformations, the solutions are actually multi-soliton
solutions, in the sense that the configuration has localized energy. This
can be seen in the asymptotic behavior. In scattering processes, the soliton
configurations are stable and never decay. Noncommutativity affects the
phase shifts only. Exact solutions for NC KP eq. would coincide with
those by Paniak 138. More detailed discussion will be reported later soon
63. Exact solutions are also discussed in 33,144,164.
3.4. Some Examples of NC Ward’s Conjecture
In this subsection, we present some examples of NC Ward’s conjecture,
including NC NLS eq., NC KdV eq., NC Burgers eq. and so on. (For
commutative discussions, see e.g. 1,2,3,19,90,119.)
• NC NLS and KdV equations
Let us consider the following NC ASDYM equation with G =
U(2), which is dimensionally reduced to 2-dimensional space-time
(The convention is the same as 119. See also 64.):
Q′ = 0, Q˙+Φ′w + [Φz, Q]⋆ = 0,
Φ′z − Φ˙w + [Φw,Φz]⋆ = 0. (48)
where Q,Φw and Φz denote the original gauge fields.
Now let us take a further reduction on the gauge fields in the
ASDYM eq. (48) as follows 114:
Q =
i
2
(
1 0
0 −1
)
, Φw =
(
0 ψ
−ψ¯ 0
)
, Φz = i
(
ψ ⋆ ψ¯ −ψ′
−ψ¯′ −ψ¯ ⋆ ψ
)
.(49)
Then the NC ASDYM (48) reduces to
iψ˙ = ψ′′ + 2ψ ⋆ ψ¯ ⋆ ψ. (50)
This is just the NC NLS equation 29.
We note that the gauge group is not SU(2) but U(2) on NC
spaces because the matrix Φz is not traceless. This is a very con-
sistent result because in the original NC Yang-Mills theories, U(1)
part of the gauge group is essential 35,61,155.
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Now let us take another further reduction on the gauge fields
in the ASDYM eq. (48) as follows:
Q =
(
0 0
1 0
)
, Φw =
(
q − 1
q′ + q ⋆ q − q
)
, (51)
Φz =


1
2
q′′ + q′ ⋆ q −q′
1
4
q′′′ +
1
2
q′ ⋆ q′ +
1
2
{q, q′′}⋆ + q ⋆ q
′ ⋆ q −
1
2
q′′ − q ⋆ q′

 ,
which reduces to discussion by Mason and Sparling 118 in the com-
mutative limit. We can see that solutions of the NC potential KdV
(pKdV) equation
q˙ =
1
4
q′′′ +
3
2
q′ ⋆ q′,
solve the reduced NC ASDYM equation (48). NC pKdV equation
is derived from the NC KdV equation
u˙ =
1
4
u′′′ +
3
4
(u′ ⋆ u+ u ⋆ u′) , (52)
by setting 2q′ = u. Hence NC KdV equation is actually derived
from NC ASDYM equation in this way.
We note that for both cases, the gauge group must not be
SL(2,R) but GL(2,R) on NC spaces because the matrix Φz is
not traceless. Traceless case never leads to NC NLS and KdV
equations 64. This result reflects the importance of U(1) part of
the original gauge group. However, it is naively hard to correspond
this reduction to a D-brane configuration.
• NC Burgers equation
Let us consider the following NC ASDYM equation with G =
U(1) (Eq. (3.1.2) in 119):
∂wAz − ∂zAw + [Aw, Az]⋆ = 0, ∂w˜Az˜ − ∂z˜Aw˜ + [Aw˜ , Az˜]⋆ = 0,
∂zAz˜ − ∂z˜Az + ∂w˜Aw − ∂wAw˜ + [Az, Az˜ ]⋆ − [Aw, Aw˜]⋆ = 0. (53)
where (z, z˜, w, w˜) and Az,z˜,w,w˜ denote the coordinates of the orig-
inal (2 + 2)-dimensional space and the gauge fields, respectively.
We note that the commutator part should remain though the gauge
group is U(1) because the elements of the gauge group could be op-
erators and the gauge group could be considered to be non-abelian:
U(∞). This commutator part actually plays an important role as
usual in NC theories.
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Now let us take the simple dimensional reduction ∂z˜ = ∂w˜ = 0
and put the following constraints (with w ≡ t, z ≡ x):
Az˜ = Aw˜ = 0, Az = u, Aw = u
′ + u ⋆ u. (54)
Then the NC ASDYM equation (53) reduces to :
u˙− u′′ − 2u ⋆ u′ = 0. (55)
This is just the NC Burgers equation which is linearizable and hence
completely integrable in this sense 68,116. We note that without the
commutator part [Aw, Az]⋆, the nonlinear term should be symmet-
ric: u′ ⋆u+u⋆u′, which leads to neither the Lax representation nor
linearized equations via a NC Cole-Hopf transformation 68. This
shows that the special feature in the original NC gauge theories
plays a crucial role in integrability for the lower-dimensional equa-
tion. Therefore the NC Burgers equation is expected to have some
non-trivial property special to NC spaces such as the existence of
U(1) instantons.
• NC KdV equation
Finally Let us consider another reduction of NC ASDYM eq.
onto NC KdV eq. which is different from both the previous re-
duction and that by Legare´ 114. Let us start with the following
NC ASDYM equation with G = SL(2,R), which is dimensionally
reduced to 2-dimensional space-time (The convention is the same
as 12):
[P,B] = 0, P ′ −Q′ + [P,Q]⋆ + [H,B]⋆ = 0,
Q˙−H ′ + [Q,H ]⋆ = 0. (56)
where B,H, P and Q denote the original gauge fields.
Now let us take further reduction on the gauge fields as follows:
B =
(
0 0
−1 0
)
, P =
1
2
(
0 0
−u 0
)
,
Q =
(
0 1
−u 0
)
, H =
1
4
(
−u′ 2u
−u′′ − 2u ⋆ u u′
)
. (57)
Then the NC ASDYM equation (56) reduces to
u˙+
1
4
u′′′ +
3
4
(u′ ⋆ u+ u ⋆ u′) = 0. (58)
This is just the NC KdV equation (34).
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NC KP equation is also derived in a similar way 64. These
results are new. We note that the gauge group is SL(2,R), this
time.
In this way, we can derive various integrable equations from NC ASDYM
eqs. by reductions. Existence of these reductions guarantees the lower-
dimensional integrable equations actually have the corresponding physical
situations and could be applied to analysis of D-brane dynamics in special
reduced situations.
An (incomplete) list of works on NC integrable equations
• NC Burgers eqs: 68,116
• NC Fordy-Kulish systems: 31
• NC KdV eqs: 30,37
• NC KP eqs: 37,138,101,164
• NC Non-Linear Schro¨dinger eqs: 29,165
• NC Liouville, sine-Gordon, sinh-Gordon and Toda field eqs:
15,17,18,28,53,54,103,104,112,174
• NC hierarchies etc.: 33,37,62,69,144,166
• NC dressing and splitting methods: 14,83,84,105,106,107,108,173
• NC mini-twistor spaces: 107
• NC twistor theories: 70,84,93,156
4. Conclusion and Discussion
In the present article, we reported recent developments of NC extension
of soliton theories and integrable systems focusing on ADHM construction
of NC instantons and NC Sato’s theories. In the former part, we saw
how ADHM constructions work and the small instanton singularities are
resolved on NC spaces. In the latter part, we proved the existence of infinite
number of conserved densities and exact multi-soliton solutions for wide
class of NC soliton equations. This suggests that NC soliton equations
could be completely integrable in some sense and an infinite-dimensional
symmetry would be hidden.
As a next step, completion of NC Sato’s theory is the most worth keeping
to investigate. In order to reveal what the hidden symmetry is, we have
to construct theories of tau-functions which play crucial roles in Sato’s
theories. (See also 33,165,144.) The symmetry would be represented in terms
of some kind of deformed infinite-dimensional affine Lie algebras.
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From the original motivation, confirmation of NC Ward’s conjecture
would be the most important via the construction of NC twistor theories.
Some aspects of NC Twistor theories have been already discussed by many
authors e.g. 70,84,93,107,156. This would clarifies integrability of NC ASDYM
equations.
In reductions of ASDYM equations, we mainly should take metric of
(2, 2)-type signature which is called the split signature. ASDYM theories
with the split signature can be embedded 108 in N = 2 string theories
136. Simple reductions of them are studied intensively by Lechtenfeld’s
group 14,84,105,173. This guarantees that NC integrable equations would
have physical meanings and might lead to various successful applications
to the corresponding D-brane dynamics and so on. It is also very interesting
to clarify what symmetries in reductions guarantee integrabilities of lower
dimensional integrable equations. One approach should be provided from
the viewpoint of Lagrangian formalism in supersymmetric Yang-Mills theo-
ries. The BPS equations would just correspond to integrable equations and
preserved supersymmetries would relate to their integrability 64. Various
BPS D-brane configurations (e.g. 36) might have a relation to our studies.
Supersymmetric extension (e.g 114,133) and higher dimensional extension
(e.g. 162) would be interesting and straightforwardly possible. Extension
to non(-anti)commutative superspaces is also considerable. We also expect
special properties would still survive in these extensions.
For space-time noncommutativity, we have to reconsider foundation of
Hamiltonian formalism from the beginning in order to establish what the
integrability for them is, especially, symplectic structures, Poisson brack-
ets, Liouville’s theorem, Noether’s theorem, action-angle variables, initial
value problems and so on. Geometrical interpretations of them must be
also clarified. Then meaning of existence of infinite (non-local) conserved
densities would be clear.
There are still many things worth studying to be seen.
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